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Answer any five, each question carries 10 marks

1.

) Prove that C'(X) is separable for a compact metric space X (Marks: 5).

(i
(i) Prove that C[0,1] has no open set whose closure is compact.
(i

) Let X be a compact metric space. For r > 0, let E. = {f € C(X) |
|f(z) — fly)] < rd(z,y) for all z,y € X}. Let A C E,. Prove that A is
compact if and only if {f(2) | f € A} is bounded for some z € X.

(ii) If X is a compact metric space and A is a closed subalgebra of Cr(X) that
separates points of X, prove that either A nowhere vanishes or there is a xqg € X

such that A ={f € Cr(X) | f(z0) =0} (Marks: 5).

(i) Let E be an open subset of R™ and f: E — R" be a C'-funcion. Prove that
f{z e E| f'(x) is invertible }) is open in R™.

ii) State and prove contraction mapping principle (Marks: 5).
2%—1

ii) Describe a method of finding total variation of a differentiable function
f:10,1] — R such that f"is 0 at only one point.

(
(i)Find > 72, snGk— 2 for any & € (—,0) using Fourier Series (Marks: 5).
(

(i) Prove that Fourier series of any 27-periodic bounded function that is mono-
tonic in [—m, m) converges (Marks: 5).
(

ii) Determine the Fourier coefficient of f defined by f(x) = |z| for |z| < 2 and
flz+4) = f(z) for all z € R.

(i) Let f and g be of bounded variation on [a, b]. Prove that rf + sg and fg are
also functions of bounded variation on [a, b] for any constants r and s.

(ii) State and prove Riemann-Lebesgue Lemma (Marks: 5).

(i) Let f ~ > c,e™. Suppose > n?|c,|*> < co. Prove that Y ¢,e™® converges.
Further if f is continuous at some point z, prove that f(x) =Y ¢,e™ .

(ii) Let f be a 2m-periodic continuously differentiable function and f; f=0.
Prove that 7 |f'|*> > [T |f|* and the equality occurs if and only if f(z) =
acosx + bsinx for some constants a and b (Marks: 5).



